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1.(a) Let S be a subset of a well-ordered set 4 with the following properties:

(i) a,€8

(i) s(a)c S implies a€S.
Prove that S = 4.
(b) Prove that a well-ordered set cannot be similar to one of its initial segments.

2.(a) Let 4 be a well-ordered set, let B be a subset of 4, and let the function
f:A—> Bbea similarity mapping of 4 into B. Prove that a < f(a) for every

aeA. ‘ =
(b) Define the ordinal number of a well-ordered set. Let A = ord (4) and let u <A.

Prove that there is a unique initial segment s(a) of 4 such that u = ord (s(a)).

3.(a) Let A4 be a well-ordered set and let S be a subset of 4 with the properties that
a<band beS implies ae S . Prove that S =4 or §is an initial segment of 4.
(b) Suppose that 4 is a well-ordered set and B is similar to 4. Prove that B is a
well-ordered set. .

4.(a) Let 4 and B be well-ordered sets and let
Sz{ x|xe:.A, s(x)=s(y) whereyeB}

and T={ y| ye B, s(y)=s(x) wherexeA}.Provcthat S=T,.
(b) Prove by giving a counter-example, that the operation of addition for ordinal

numbers is not commutative.
5.(a) For any ordinal number @, prove that w+ w=w2 with and without using
the left distributive law.
(b) Let A be any ordinal number. Prove that A +1 is the immediate successor of 1.

6.(a) Prove that the Axiom of Choice is equivalent to Zermelo’s Postulate.
(b) Let B be a partially ordered set. Prove that there exists a totally ordered subset 4

of B such that 4 is not a proper subset of any other totally ordered subset of B.




